The Ginsparg Wilson Relation and the Neuberger action recently improved the understanding of the Index Theorem on the lattice, however this problem has not been solved yet. With the presently available criteria, we develop a technique based on the position of roots and poles to build a new simple solution of the Ginsparg Wilson Relation. In the free fermion case, we study the roots, the poles, and the locality of the Wilson action, the simple action and the Neuberger action. Then we explore the effects of topological gauge configurations on the eigenvalues of the different actions. In the discrete version of the Schwinger model we examine how the GWR solutions project the eigenvalues of the Wilson action to a circle in the complex Argand plane. Finally we propose a new criterium for solutions of the Ginsparg Wilson Relation constructed with the Wilson action, and we conclude that the Neuberger action is the only one that complies with the Index Theorem.
where R is a matrix proportional to the lattice spacing a. Recently Lüsher [4] proved that chiral invariance of an action D which complies with the GWR can be recovered in an extended form,
Thus a conjecture appeared in the literature suggesting that it may be possible to overcome the Nielsen-Ninomiya no-go theorem on the lattice and to fully simulate, without doubling, the chiral symmetry of QCD (see [5] for a recent review). This would include PCAC [6] and the axial anomaly. In particular the Atiyah-Singer [7] Index Theorem would have a Hasenfratz-Laliena-Niedermayer [8] version on the lattice,
where n −(+) is the number of zero modes of the Dirac action D with negative (positive) chirality, and q is the topological charge of the gauge field configuration. This conjecture is supported by the recent solution of Neuberger [9] , that solves the GWR and complies with the Index Theorem. This was checked by Chiu [10] in dimension d = 2 and for smooth topological gauge configurations. The continuum limit for the Index Theorem was also checked by Fujikawa [11] and Adams [12] .
Nevertheless it turns out that the GWR is not sufficient to prove the Index Theorem on the lattice [4, 13] . Other conditions are necessary to enforce eq.
(3), in particular Chiu and Zenkin [14] found a second criterium, det I − R 2 D = 0 (4) which implies that D must have at least one eigenvalue equal to 2 R . However the Zenkin [15] [16] [17] action complies with eqs. (1) and (4) but not [16, 18] with(3). Niedermayer [5] conjectured that this is a scale problem. Only topological configurations that are larger than the range of the interactions in D would produce a number of zero modes n − different from n + in agreement with eq. (3). Nevertheless a sufficient set of practical criteria is not yet found. Moreover the definition of topological charge on the lattice is not unique. Thus the Index Theorem on the lattice remains an open problem. Here we propose a new criterium for GWR solutions constructed with the Wilson action.
In this paper we study simple solutions of the GWR, and we investigate in detail the eigenvalues of these solutions with the aim to clarify the Index Theorem on the lattice. In Section II we develop, with the present criteria, a technique based on the position of roots and poles, to build a new simple GWR solution. In Section III we study the roots, the poles, and the locality of the Wilson action and of the simple and Neuberger solutions of the GWR, in the free fermion case. In Section IV we study in detail the effects of topological gauge configurations on the eigenvalues of the Wilson action for the discrete version of the Schwinger model. In Section V we study the eigenvalues of the simple and Neuberger GWR solutions. In Section VI we conclude with a new criterium for GWR solutions constructed from the Wilson Action. We review the Wilson action in appendix A and the Neuberger action in Appendix B. In Appendix C we address the topological Abelian charge in d = 2.
Simple GWR solutions from roots and poles
We now proceed to construct the simplest possible solution of the GWR which complies with the criteria found in the literature. The GWR has a linear version,
For simplicity in this paper we will study the case of a constant R, except for the Wilson action that will be studied in Section VIII. A solution of this equation (5) is the sum of a homogeneous solution plus the particular one. A simple particular solution is D −1 p = R/2. Any chiral invariant matrix D −1 c is a solution of the homogeneous equation. The solution to the GWR is then,
It is also convenient to define an intermediate matrix,
and we will be interested in the −1 eigenvalues of V which correspond to zero modes of D.
From eq. (6) we find that any root of D c will be a root of D and that any pole of D c will correspond to D = 2 R . The roots and poles of D c are constrained by physics. Firstly D c should lead to the correct continuum limit for small momentum k. In particular the Fourier transform of the action for free massless quarks tends to,
and D has a root for vanishing k. Secondly, according to the Chiu-Zenkin criterium [14] , we should have points where D = 2 R , which implies that D c has a pole there. Thirdly, the total number of roots and poles of a chiral invariant action in a periodic or antiperiodic lattice is expected to be even (when double roots count as two roots). For instance the naive massless Dirac action in d dimensions has 2 d roots, at all possible combinations of k j = 0 and k j = π. This is the source of the doubler problem, see appendix A, because only the root at vanishing k is physical. The strategy of the present study consists in replacing the other roots (the doubles) by poles in D c . Finally the topological properties of the different lattice actions will dictate which is the best action to use. Thus we should start by finding operators with roots, in order to build the action with fractions of these operators. Trigonometric functions can be generated on the Brillouin zone with finite differences. It is convenient do define,
where these matrices are hermitean, except for C j which is anti hermitean. In the limit of free fermions, which corresponds to U j = 1, all these operators commute. In this case the Fourier transform of the above matrices depend on a single momentum,
which have respectively, in momentum space, no roots; a root at 0 and another at π; a double root at 0; a double root at π; and two double roots respectively at 0 and at π. These local interactions which always have an even number of roots (double roots count as two roots) agree with the Nielsen-Ninomiya rule. The poles in D c can be obtained with the non-local inverse of these matrices.
We now design a simple solution of the GWR with the sole concern of roots and poles. The starting point of this new action will be the D c , and for simplicity this will consist of a numerator which is the naive massless Dirac action, j γ j C j /a, and a denominator which is a Dirac scalar constituted by matrices of eq. (9) . We use the denominator to provide double poles at the precise location of the extra roots of the numerator. There are several possible choices, nevertheless a possible chiral invariant s D c with the desired poles is,
where for the moment the ordering of the matrices is not settled yet. Different orderings may correspond to a different actions. This solution can be further simplified, using G j = −C 2 j and eq. (7),
Finally we have to fix the ordering of the matrices. A possible choice is,
where w D is a massless Wilson action with r = R/a, see Appendix A. We also find that,
and this shows that s D complies with the GWR. This is presently the simplest solution of the Ginsparg Wilson Relation. It is also relevant for the Lüscher chiral transformation for the Wilson action, see Appendix A. It turns out however that it is topologically trivial, see Section V.
The free actions in 2 dimensions
In this section we compare the action of Wilson, the action of Neuberger and the simple action in the free case. This free limit gives no indication with straightforward relevance to the Index Theorem , because only finite gauge configurations may have a nontrivial topology. Nevertheless the free case is solved trivially with Fourier transforms, see eq. (10), which provide an analytic study of the roots, poles and the locality of the different free actions. This is relevant for the criterium [14] and conjecture [5] presently available in the literature.
For the root and pole study of the free Wilson action see appendix A. The root and pole study of the simple action is determined by construction in Section II. We now examine the Neuberger action, see Appendix B for a review. When fermions are free, X commutes with X † and we get a simple result,
A necessary condition for finding either a root in the numerator or a pole in the denominator of free n D c is j C j (k) 2 = 0 and this happens when k j = 0 or k j = π. When [m 0 /a − B(k)] is positive we have a root, and when it is negative we have a pole. The condition to have a single root, at the origin, is then 2r > m 0 > 0. In this case n D c (k) has 2 d − 1 poles, with the same momenta of the doubles of the naive Dirac action on the lattice. Moreover, if we impose the correct continuum limit of eq. (8), we get a second condition, m 0 = a/R.
For the different free actions, we get the Fourier transforms,
The different i D(k) are represented in Figs. C.1, on a d = 2 square Brillouin lattice with 24x24 points. We illustrate the dimensionless case of m 0 = R = a = 1, where the different actions i D are more similar in the free and continuous limit. In particular, when all but one component k j vanish, the different actions are identical. For free fermions the similarity of the simple action s D(k) with the Neuberger action is striking.
In the free fermion case, we also study the locality of the different actions. Only local actions satisfy the Lüscher universality. Moreover, it has been conjectured by Niedermayer that the topological properties of the different solutions of the GWR are dictated by the locality of the action. We now Fourier transform back to the position space the different free actions D(k). In a very large 400x400 lattice we compute |D|,
and we draw it in We find that the Neuberger action n D is local, in the sense that the interaction decreases exponentially. The simple action s D only weakly local because it decreases slower. However we find that up to 15 lattice spacings, the simple action decreases as fast as the Neuberger action, and then it is so small that the difference is not very relevant. If we define the mean range of the action
we get for the different actions, w < r >= 1.7546 n < r >= 1.9741 s < r >= 1.9679 (21) and in d = 2 this average is well defined. For the weakly local simple action this average only ceases to be finite if we go to a dimension d > 4. The results for the Neuberger and for the simple actions are again very similar for d = 2. So we find that the s D action is sufficiently local in d = 2 dimensions to deserve a study of its topological properties.
Eigenvalues of the Wilson action
Here we depart from the free case and study the eigenvalues of the Wilson action for topological gauge configurations . For the study of different authors see for instance [19] . In this paper we specialize in GWR solutions (the Neuberger action and the simple action) built from the Wilson action, which is the simplest and most used lattice action. The study of the eigenvalues of the Wilson action is crucial for the study of topological effects of the different actions i D.
With eq. (B.3), we can show that w D and w D † have the same eigenvalues λ,
and that the eigenvalues of w D and w D † are mapped by γ 5 . Moreover, for every right eigenvalue there is a left eigenvalue λ * with eigenvector v † .γ 5 , and so the conjugate transformation λ → λ * leaves the spectrum invariant. The spectrum of eigenvalues λ is symmetric with regards to the real axis of the Argand plot.
We can also show that the γ 5 is involved in a extended orthogonality condition,
A possible definition for the chirality of an eigenvector v is,
and this shows that the complex eigenvalues have a vanishing chirality, χ = 0. They do not contribute to the trace T r [γ 5
w D]. This is very important for the approximate realization of the Index Theorem on the Wilson lattice. We are interested in eigenvalues λ ≃ 0 with chirality χ ≃ ±1. The nonvanishing chirality implies that the relevant eigenvalues are the real eigenvalues.
We now explicitly study the real eigenvalues and the topological properties of the Wilson action w D in a simple 2-dimensional U(1) gauge theory which is a discrete version of the Schwinger model, see Appendix C. Our framework is the massless Wilson action with parameters a = r = 1, see eqs (A.1,13). In d = 2 it turns out that in the case of even lattices the spectrum of w D−I in the Argand plot is also symmetric with regards to the imaginary axis. Re(λ) → −Re(λ) also leaves the spectrum invariant, see Fig. C .3. So we will use even NxN lattices from now on, for simplicity. We observe that for finite N the Wilson action w D − I has 4|q 3 | real eigenvalues λ i , where q 3 is a possible definition of the topological charge of the gauge configuration. |q 3 | real eigenvalue are equal−1 + ǫ and |q 3 | are equal to 1 − ǫ, and the corresponding eigenvectors v have nearly a negative (positive) chirality, χ ≃ ∓(1 − ǫ). The remaining 2|q 3 | real eigenvalues are very close to ∓ǫ and the eigenvectors v have a nearly positive (negative) chirality, χ ≃ ±1−ǫ. This corresponds to the case where q 3 is positive (negative). Here ǫ just represents a small strictly positive number, in each expression we can have a different result for ǫ. In the continuum limit of N → ∞, and for very extended topological objects, we observe that these approximate results become exact, all the different ǫ → 0. For instance the lowest eigenvalues of w D turn out to be separated from 0 by ǫ ≃ 0.1q 3 /N. So we find that in this limit of large N, and from the view point of zero modes, the Index Theorem is verified,
This result agrees with the proofs of Fujikawa [11] and Adams [12] .
Nevertheless for a finite N we find that the Wilson action w D has no zero mode, the smallest real eigenvalue is some ǫ > 0 (except in the free quark case) . This happens for any gauge configuration thus w D is invertible (except in the free quark case). We also find that the trace, tr[γ 5
w D] vanishes for any finite N. In what concerns γ 5 ( w D−I) we observe that its eigenvalues are exactly symmetric with regards to the origin, so we also find that tr[γ 5 ( w D − I) −1 ] = 0. But the trace tr[γ 5 w D −1 ] is not vanishing and it has been proposed as a topological index q 4 except for a constant normalizing factor [20] . 5 (d) , with the charges q 1 and q 2 that are defined with the plaquette density P , see Appendix C. All these topological charges are odd functions of the parameter Q , with a period of N 2 = 16, so we just need to compare them on the parameter range 0 < Q < 8. It turns out that q 3 is very close to q 1 for 0 < Q < 4. For 4 < |Q| < 8 we observe that q 3 is quite different from the q 1 defined purely with the gauge, in fact they sometimes have a different sign. In general, for any lattice size N ≥ 4, and in the ideal case of a constant topological density ρ 1 , we find that q 1 and q 3 are very close only if we have, |ρ 1 | ≤ π/2 and this corresponds to half of the maximum possible topological density. In what concerns the topological charge q 4 defined with the trace, see Fig. C.5 (b) , it is not and integer and it turns out to be closer to the noninteger charge q 2 of Fig. C.5 (c) which is defined with the density Im(P ). However in the present case of d = 2 the trace q 4 [20] seems to be a worse topological index than q 1 or q 3 .
Eigenvalues of the GWR solutions
We found in Section IV that the Wilson action in a finite lattice approximately complies with the Index Theorem and that the relevant eigenvalues are the real eigenvalues. Here we study the eigenvalues of GWR solutions which are built with the Wilson action [21] . We test the topological properties of the different actions s D and n D in the same 2-dimensional U(1) gauge theory which is a discrete version of the Schwinger model. The Neuberger action in d = 2 has been studied in detail in the literature for instance by Chiu [10] and Chandrasekharan [22] . In Fig. C.6 we show the eigenvalues of the different i V actions obtained in a 4x4 lattice and for a smooth gauge configuration with a topological charge Q = 1 (see Appendix C). We find for any gauge configuration that the eigenvalues of s V and n V are always bound to the unitary circle in the Argand plots. This is expected for the Neuberger action where n V † = γ n 5 V γ 5 = I/ n V . However this nice results was not anticipated for the simple action because it is not clear that w D commutes with w D † , except in the case of free fermions and in other particular cases. We also find that the real eigenvalues of the n V have a definite chirality χ = ±1.
To understand why some GWR solutions improve the topological properties of the Wilson action while others do not, we depict paths of eigenvalues in Fig. C.7 . We interpolate between the Wilson w D − 1 and each of the other i V with an arbitrary linear combination,
A small lattice is now convenient to have a clear view of the 2n 2 eigenvalues. We checked that the same behavior happens for any size of the lattice (from 2x2 to 18x18), and for any extent of the topological charge (that we distributed in a 2x2 to NxN subsquare). So the result shows little dependence on the size of the topological object and on the size of the lattice. A small 4x4 lattice is chosen to illustrate the different paths in Fig.C.7 . The different GWR solutions that we studied project differently the eigenvalues of the Wilson action in the unitary circle of the Argand plane. The real eigenvalues are most interesting. In the present case, with Q = 1 (see Appendix C), we found in Section IV that w D − I has 4 real eigenvalues, one close to −1, two at 0 and another close to 1. The Neuberger action n V , with a parameter m 0 = 0.7, even in this small 4x4 lattice, projects the −1 + ǫ Wilson eigenvalue to −1, and the eigenvector has chirality −1. In the case of the simple action, all the real Wilson eigenvalues are projected to close to 1, and we have no zero modes. It turns out in this simulation that only the Neuberger action, for a limited range of parameters, verifies exactly the Index Theorem , and that the simple action is exactly blind to the topological Index.
In what concerns the Neuberger action, it is able to reproduce all the possible scenarios for different values of the negative mass −m 0 . We now consider Q slightly different from 1 in order to split the double 0 eigenvalue of w D − I in two eigenvalues ±ǫ ′ (χ ≃ 1). The two other real eigenvalues of the Wilson action are maintained at ±1∓ǫ (χ ≃ −1). We no go from the Wilson action to the Neuberger Action. For −ǫ < −m 0 we find that n − −n + = 0 and that all the four real Wilson eigenvalues are projected to four complex eigenvalues (χ = 0) very close to −1. For −1 + ǫ ′ < −m 0 < −ǫ we find that n − − n + = 1 and that only the −1 + ǫ Wilson eigenvalue is projected to −1 (χ = −1), and the remaining real eigenvalues are projected to one real eigenvalue +1 (χ = +1) and to two complex eigenvalues (χ = 0) very close to it. This is the only case that complies with the Index Theorem. For −1 − ǫ ′ < −m 0 < −1 + ǫ ′ we find that n − − n + = 0 and that the four real Wilson eigenvalues are projected to two complex eigenvalues (χ = 0) very close to −1 and to two complex eigenvalues very close to +1. This is comparable to the Zenkin action [15] [16] [17] . For −2 + ǫ < −m 0 < −1 − ǫ ′ we find that n − − n + = −1 and that the −1 + ǫ and the ±ǫ ′ Wilson eigenvalues are projected to one real eigenvalue −1 (χ = +1) and to two complex eigenvalues very close to it, the eigenvalue 1 − ǫ is projected to +1 (χ = −1). For −m 0 < −2 + ǫ we find that n − − n + = 0 and that all the four real Wilson eigenvalues are projected to four complex eigenvalues (χ = 0) very close to +1. This case is similar to the simple action.
If we now change continuously the topological charge parameter Q, it turns out that the eigenvalues of the simple GWR solution s V move continuously on the Argand circle. The simple action is local and well defined, and this is useful for the Wilson action see eq. (A.2). This is different from the free case, see Section III. On the other side, the eigenvalues of the Neuberger action n V behave as a step function. This seems to be unavoidable for any GWR solution that complies with the Index Theorem.
Criterium and conclusion
With the aim to understand why some Ginsparg-Wilson Relation (GWR) solutions comply with the Index Theorem and others do not, we study in detail the eigenvalues of GWR solutions constructed with the Wilson action. In the lattice version of the d = 2 abelian Schwinger model we study the Wilson action w D (which is the simplest and most used action in lattice field theory), the Neuberger action n D (which complies with the Index theorem), and a simple GWR solution s D (that we derived with the criteria presently available in the literature). Our criterium can be applied to the simple s D = I + w D/ w D † solution of the GWR. So far this is the simplest solution of the Ginsparg Wilson relation with the correct root and pole structure, moreover this is the operator that generates (except for the γ 5 matrix) the chiral Lüscher transformation corre-sponding to the Wilson action. Again we consider the dimensionless units of a = r = 1. With the λ substitution we find that s D → 2. So we conclude that the simple action has no zero modes (except in the free) limit, it never complies with the Index Theorem and is insensitive to the topology of the gauge fields. With this action and in the case of three flavors, the pseudoscalar nonet π, K, η, η ′ could be degenerate, and it would be interesting to check that.
Our criterium can also be applied to the Neuberger GWR solution defined
With the λ substitution we find that s D → 2θ(λ − m 0 ), and we get m 0 = ǫ. In order to see in the Neuberger action most of the topological effects of the Wilson action we get a quite narrow interval .20 < m 0 < .30, in the case of the Schwinger model and in the dimensionless units of a = r = 1. This increases the precision of the observation of Chandrasekharan that the Neuberger action only complies with the Index Theorem if 0 < m 0 < 1, and this is narrower than the condition 0 < m 0 < 2, which is derived from the root and pole structure of the the free Neuberger action. The choice of m 0 completely fixes the GWR parameter R because the free continuum of the lattice implies that m 0 = a/R. So the best choice seems to be R ≃ 4a. In this case the Neuberger action verifies the Index Theorem n − − n + = q 5 where this q 5 is quite close to the topological charge q 3 that we defined with the number and the chiralities of the real eigenvalues of the Wilson action.
More generally our criterium shows that any GWR solution, built from the Wilson action and complying with the Index Theorem, is a step function of the Wilson action. Thus the Neuberger action, which is the step function of the Wilson action, is probably the only GWR solution (that is built from the Wilson action and that complies with the Index Theorem). Niedermayer conjectured that the relevant characteristic to force a GWR solution to comply with the Index Theorem is its locality. We have to disagree with this conjecture, because the Neuberger action, with the right parameter m 0 , is not well defined at the jump between two steps, so it is not at all local there. Moreover, a flat function is local and does not comply with the Index Theorem, this is for instance the case of our simple function. It would of course be interesting to repeat the present study in four dimensions. I thank Misha Polikarpov for explaining computing techniques and topology on the lattice. I also thank Dimitri Diakonov for discussions on the lattice topological index.
A The Wilson action
The Wilson [2] action is a good example to observe roots and doubles,
where C j and B j are defined in eq. (10) and where r is a parameter of the order of 1. The vector γ j term of eq. (A.1) is the naive massless Dirac action on the lattice, where the derivative C j is computed with finite differences. In d dimensions and in the free case, it has 2 d roots at all possible combinations of k j = 0 and k j = π , see eq. (10). This is the source of the doubler problem because only the root at vanishing k is physical. Wilson [2] included the scalar B j term in eq. (A.1) to remove the unwanted doubles. However this scalar term is not chiral invariant. Chiral invariance can be implemented with the Lüscher transformation, however the w R of the GWR is not constant in this case. The w R w D is a relevant operator to the Lüscher transformation of the eq. (2). The RD operator also enters the Horváth [23] proof on the nonlocality of GWR solutions.From the GWR relation, see eq. (1), we get,
where K 0 is a possible element of the kernel of w D † . Except for very particular gauge configurations like the free case, it turns out that the Wilson action w D † is invertible, see section IV, and we can discard the K 0 term. In this case this nontrivial operator of the Lüscher transformation is very interesting because it is the simple GWR solution that we study in this paper, see eq. (13) . The generator of the Lüscher Transformation is then,
where the operator w D −1 γ w 5 D is essentially a rotated γ 5 , with equal number of eigenvalues 1 and −1.
B The Neuberger action
The Neuberger action n D is defined [9] with the matrix,
where X is the Wilson [2] action with a negative mass term, or a massless Wilson action with an identity term subtracted,
We also have,
This implies that γ 5 X is hermitean and,
With eq. (B.1), we can also check that,
This interesting result shows that the eigenvalues λ of n V are complex numbers with |λ| = 1, they belong to the unit circle in the complex plane. With eqs. (B.4) and (B.5) we finally find that n D complies with the GWR.
Because X † X is the square of the hermitean matrix γ 5 X, the Neuberger action is well defined, except when X † X has a vanishing eigenvalue. Different methods can be used to evaluate the Neuberger Action. A possible method consists in using the eigenvectors of the hermitean γ 5 X,
A faster method consists in computing iteratively the square root √ X † X, which is a solution of the equation,
A third possible method, consists in evaluating the inverse square root in a Taylor series close to a mean eigenvalue,
However in large lattices these methods are slow. It would be interesting to find simpler solutions of the GWR, but we conclude that this is not possible, see Section VI.
In Section III we study the root and pole structure of the homogeneous n D c corresponding to the Neuberger action. Inverting the GWR solution (6) , we can derive D c from D , and we get,
C Topological configurations in d=2
The d = 2 case is very convenient for the simple study of discrete topology. The Euclidean Dirac matrices γ 1−5 of d = 4 are now replaced by the Pauli matrices σ 1−3 . The d = 2 charge density is similar to the rotational of the vector potential,
it is similar to a magnetic field. On the lattice this magnetic field density is extracted from the plaquette,
and a possible definition of topological charge density is,
where −π < arg P (n) < π. This topological density is not unique, the necessary condition is that it must reproduce the correct continuum limit . For instance another possible definition of topological density is ρ 2 (n) =ImP (n).
The definition (C.3) of the topological charge is interesting because it is quantized. It is clear that the total topological charge of the lattice, which is defined with,
is an integer in the case of ρ 1 but not in the case of ρ 2 . This topological charge q i is similar to the one of compact QED, where the magnetic monopoles arise naturally on the d = 4 lattice. Here the topological charge is equivalent to a magnetic flux through the toroidal d = 2 lattice.
In this work we are particularly interested in studying smooth gauge configurations, where the Index Theorem has greater chances to hold. In the NxN lattice a subsquare of size mxm with constant topological density is built with the prescription [10] of Chiu,
where Q is the topological parameter and where the undefined A j (n) are zero.
With this definition and in the particular case of integer Q, the topological density inside the subsquare is constant. This gauge configuration (C.5) is periodic in Q, with a period of m 2 . In the relevant range −m 2 /2 < Q < m 2 /2 we find that the topological charge q 1 of eq. (C.3) is a step-like function of Q,
In 
